Abstract. This paper reviews the efforts to construct (or prove the impossibility of) singular solutions of the Euler equations for three dimensional incompressible flow. A semi-analytic approach to this problem is formulated based on numerical computation of complex traveling wave solutions, followed by perturbation construction of a real solution, for axisymmetric flow with swirl. The perturbation analysis depends on small amplitude of the singularity in the traveling wave solution, for small swirl in the underlying background flow. He suggested that a sufficiently strong Euler singularity could produce an inviscid dissipation mechanism in the sense that energy conservation would then be violated. He showed that inviscid energy dissipation could occur only if the singularity exponent α (i.e. Holder exponent) for the velocity field was no larger than 1/3. This result was rigorously derived by Constantin, E and Titi [16] and Eyink [24] , and the criterion was generalized by Eyink [25] and Caflisch et al.
1. Introduction. The possibility of singularity formation for the 3D Euler equations of incompressible inviscid fluid flow has been an open problem of mathematics and physics for over 50 years. Euler singularities were first proposed by Lars Onsager in 1949 [35] as a central mechanism in fluid dynamic turbulence. He suggested that a sufficiently strong Euler singularity could produce an inviscid dissipation mechanism in the sense that energy conservation would then be violated. He showed that inviscid energy dissipation could occur only if the singularity exponent α (i.e. Holder exponent) for the velocity field was no larger than 1/3. This result was rigorously derived by Constantin, E and Titi [16] and Eyink [24] , and the criterion was generalized by Eyink [25] and Caflisch et al. [10] to α + κ/3 ≤ 1/3 in which κ is the co-dimension of the singularity set.
The numerical search for singularities was initiated by Orszag and co-workers [8] , who performed numerical simulation for the Taylor-Green problem using a pade expansion in time. Although initial results indicated a singularity at finite real time, subsequent studies have shown that there are no singularities in the Taylor-Green problem [6] . Further studies of possible singularity formation in vortex tubes, axisymmetric flow with swirl, Boussinesq flow and other configurations have been carried out numerically by [4, 5, 7, 23, 26, 29, 30, 32, 34, 36, 37, 38, 42, 44] and analytically in [13, 27, 28, 31] . So far the none of these numerical or analytic constructions have provided completely convincing evidence for development of Euler singularities from standard initial data.
The first important analytic result on singularities in fluid flows was that of Beale, Kato and Majda [3] who showed that a singularity can only occur if the vorticity ω is not uniformly integrable in time; i.e. singularity formation at time t * implies that t * sup x |ω(x, t)|dt = ∞. An earlier, but weaker, version of this result was derived in [2] . Constantin, Fefferman and Majda (CFM) [14] showed that either the velocity or the gradient of the direction of the vorticity must blow up at a singularity. Related results have been derived by [11, 12, 15, 17, 18, 19, 20, 33] . In particular, Deng, Hou and Yu [21] derived a local version of the CFM result and applied it to several numerical candidate flows. This paper describes an approach to construction of possible singular solutions for the Euler equations based on numerical simulation of complex traveling wave solutions, followed by a perturbation construction of singular real solution. The perturbation analysis depends on small amplitude of the singularity, and the perturbation parameter is the small swirl in the underlying flow.
Complex traveling wave solutions are discussed in Section 2 and the perturbation analysis is described in Section 3. Some numerical results are presented in Section 4 showing small amplitude of the singularity in the complex traveling wave. Conclusions and prospects for future work are discussed in Section 5.
2. Complex Traveling Wave Solutions. Consider axi-symmetric flow with swirl in a periodic annulus. The velocity is u = (u r , u θ , u z )(r, z, t) which is rotationally invariant but has a nonzero angular component, in which 0 < r 1 < r < r 2 and 0 < z < 2π with periodicity, satisfying the equations
Our approach to the singularity problem is based on a steady background flowū = (0,ū θ ,ū z )(r), which is chosen to satisfy the Rayleigh criterion for instability [22] . The unstable mode is u 1 =û 1 (r)e iz+σt , in whichû 1 = (û 1r ,û 1θ ,û 1z ), and the unstable growth rate is σ. As pointed out by Siegel [41] , such a steady flow and unstable mode can serve as the starting point for construction of a complex, upper-analytic traveling wave solution of the form u =ū(r) + u + (r, z, t) in which
by the traveling wave moves at speed σ in the imaginary z-direction. Because the sum involves only positive wave numbers, there is only one-way coupling between wavenumbers; i.e., each wavenumber k is only influenced by wave numbers k ′ that are less than k. This greatly simplifies the construction of u + : u 1 is a linearly unstable mode for the background flowū, σ is its unstable growth rate, and the equation for u k has the form
in which L k is an second order ODE operator in r. Singularities in u + are numerically detected through the asymptotics of the Fourier componentsû k for u = u r [43] . If
for Re α > −1 and large k, then
for z near the singularity z 0 , where c 1 = −πce −iπα (sin(πα)Γ(α + 1)) −1 and Γ(z) is the (complex) Gamma function. For this traveling wave, a shift in t by an amount t 0 is equivalent to either multiplication of the k-th Fourier mode by a factor of e σkt0 or a shift in imaginary component of the singularity point z 0 by an amount σt 0 . We choose this shift so that Imag(z 0 ) = 0 and refer to the resulting constant c as the amplitude of the singularity.
3. Perturbation Approach. We look for a real Euler solution as the sum
in which u − (z) = u * + (z * ) ( * indicates conjugation), andũ is a remainder. Sinceū and u + + u − are real, then u will be real ifũ is real. Moreover,ū,ū + u + andū + u − are all exact solutions of the Euler equations, so thatũ satisfies a system of equations in which the forcing terms are quadratic terms such as
all of which are real. Construction ofũ will be based on perturbation methods. As discussed below, we will produce solutions u + and u − to be of small amplitude O(ε).
Since the forcing terms (3.2) in the equation forũ are of size ε 2 , we expectũ = O(ε 2 ). Validity of the expansion (3.1) up to and including the singularity time, requires an analysis showing that the singularity ofũ is of the same (or weaker) type as that of u + and u − , but with smaller amplitude.
Numerical construction of a complex traveling wave solution u + was carried out in [9] for pure swirling background flowū = (0,ū θ , 0)(r). The resulting fit to the asymptotics of the Fourier components, as in (2.4) was remarkably good, with an singularity exponent α = −1/3 so that the velocity itself becomes infinite at the singularity time. The cross-sectional streamlines for this flow are rolls, and the singularity forms approximately at the centers of the rolls. The amplitude of u + was not small, however, so that there was no possibility to create a real singular solution by a perturbation construction.
The perturbation approach to singularity formation is motivated by similar studies for vortex sheets. Siegel [39, 40] studied complex traveling waves for a vortex sheet separating two fluids of different densities in the Boussinesq approximation. The vorticity is measured by a vortex sheet strength γ and the density difference (in units with the gravitational constant set to 1) by the Atwood number A. For the pure Boussinesq case (A = 1, γ = 0) there are traveling waves of amplitude O(1), which is too large to allow perturbation theory. For the pure vortex sheet case (A = 0, γ = 1) there are no traveling waves due to the conservation of vorticity values for 2D flow. On the other hand, for a vortex sheet with small Atwood number (A << 1, γ = 1), Siegel found that there are complex traveling waves with small amplitude ε at the real singularity time, such that ε → 0 as A → 0. Using these vortex sheet results as a guide for the 3D Euler problem, we include axial flow in the background, and let the amount of swirl go to 0. Note that in the vortex sheet problem, singularity formation is associated with ill-posedness; whereas the traveling waves solutions for Euler problem come from a balance between instability and nonlinearity.
The domain for the traveling wave solution is taken to be an annulus r 1 < r < r 2 , with r 1 = 1 and r 2 = 3, and a periodic domain in z with period 2π. The background flowū is taken to be a smoothed out vortex sheet on r = r 0 = 2, with width d. Letū θ0 be the background angular velocity from [9] in which there was no axial background flow. Letū z0 be the axial velocity for a purely axial background flow, given bȳ
The background flow is taken to beū
withū r determined from incompressibility. The limiting velocities w 1 and w 2 are chosen so that w 2 − w 1 = 1 and that the first unstable mode for the background flow u has a real growth rate σ. Γ and γ are coefficients to control the strength of the angular and axial components. The extreme case Γ = 0 is pure axial flow, for which the Euler equations are known to be nonsingular. In order to parameterize these coefficients, we take
in which the single parameter θ γ varies between 0 and 1. The k = 1 modeû 1 is the first unstable mode for the background flowū, and the traveling wave speed σ has a real growth rate for this mode. The remaining Fourier coefficientsû k are determined from the equations (2.3).
Numerical Results.
We have performed a series of computations over a range of values of Γ between 0 and 1. The objective of these computations is to examine the convergence of the computational method and the dependence on Γ for the solutions.
Because of the one-way coupling between different wavenumber in (2.3), these computations are performed for a fixed set of z-wavenumbers k with 1 ≤ k ≤ n z . The number n r of points in r is increased until the results converge. In the computations presented below, a very large value of n r is required, so that the maximum number n z of wavenumber is limited.
The numerical construction of this solution relied on solution of the system of ODEs (2.3). One difficulty was that this system was found to magnify roundoff error. This was controlled using ultra-high precision (e.g. precision 10
−100 ) with the MPFUN package from David Bailey [1] , which increased the computational complexity by a factor of around 100. Figure 1 show the results for d = 0.3, θ γ = 0.5 (i.e. Γ = 1/ (2)) with n r varying. The figures show the values of the real α and the imaginary part of z * as a function of k. The imaginary part of α was found to be approximately 0; so that α is real and approximately equal to 1/2. The imaginary part of z * is the imaginary position of the singularity in the complex z-plane. A good fit is one for which the values are nearly independent of k for k sufficiently large. These results show that a good fit is obtained for sufficiently large values of n r .
The amplitude |c| of the singularity in the traveling wave and the norm of the traveling wave u + are plotted in Figure 2 as a function of the variable θ γ . This shows that as θ γ → 1 (i.e., as the background flow becomes pure axial flow), the amplitude of the singularity goes to 0, while the norm of the traveling wave stays bounded. In addition the singularity exponent α is nearly independent of θ γ . 5. Conclusions. The computations described above are limited to small values of the Fourier wavenumber k, due to the use of ultra-high precision, as discussed in Section 3, so that they provide limited information. Nevertheless, they illustrate an important property of the complex traveling wave solutions. As the swirl in the background flowū goes to 0, the amplitude of the singularity in the traveling wave u + goes to zero, while the norm of u + stays bounded. Moreover, the type of singularity, as indicated by the power α stays roughly constant.
A puzzling aspect of these solutions is that the exponent α is approximately 1/2 which corresponds to a singularity that is too weak to satisfy the Beale-Kato-Majda criterion. Possible resolutions of this discrepancy are that the perturbationũ has a stronger type singularity than u + or that the correct exponent α is not seen in the small values of k that have been computed so far. In future work, we will carry these computations our for larger values of k by modifying the method to remove the amplification of roundoff error.
